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Dans cet article, nous nous interessons a la propagation d’ondes ilastiques dans 
des milieux isotropes heterogenes, invariants par translation dans une direction. 
Nous faisons l’analyse thtorique de I’existence d’ondes guidtes et de leurs 
proprittes. En particulier, les seuils, ou frequences de coupures, sont ttudiis en 
detail. Le principal outil mathtmatique est la thborie spectrale des opkrateurs 
autoadjoints. et plus specialement le principe du Max-Min. 
In this article, we are concerned with the propagation of elastic waves in isotropic 
heterogeneous media, invariant under translation in one direction. We give a 
theoretical analysis of the existence of guided waves and of their properties. In 
particular the thresholds, or cut-08 frequencies, are studied in detail. The main 
mathematical tool is the spectral theory of selfadjoint operators, and more 
specitically theMax-Min principle. r 1990 Academic Press. Inc 
0. INTRODUCTION 
The question of the existence of guided waves when the domain of 
propagation is infinite and invariant under translation in one space dimen- 
sion is not a trivial problem since it generally leads to an eigenvalue 
problem for an unbounded selfadjoint operator with non compact resol- 
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vent in an appropriate Hilbert space. The cases corresponding to scalar 
propagation equations, namely the Schrodinger equation, the acoustic 
wave equation, and the water wave equation, are now well known and 
have been investigated from various points of view by several authors, i.e., 
[DGl; We 1; We2; Wil; Wi2]. The case of wave phenomena governed by 
hyperbolic systems is much more complicated and has retained much less 
attention in the mathematical literature. Recently, the case of Maxwell’s 
equations was studied by [BaBo] (See also [Gl; We3]). 
In this paper we are interested in the elastodynamic equations 
[AC; ES; Mi] which govern the propagation of elastic waves in solids, 
more specifically, the guided waves propagating in media which are 
invariant under translation in the direction x3. In our case, the 
phenomenon of waveguide is provoked by a local variation in the plane 
(xi, x2) of the coefficients characterizing the elastic behaviour of the 
material, that is to say, in the case of linear isotropic media, the density p 
and the Lame’s parameters 1 and p. The situation is slightly more 
complicated than in the case of Maxwell’s equations since there exist two 
types of waves (instead of one for Maxwell’s equations) propagating in a 
homogeneous medium (i.e., when p, 2, p are constant): the P-waves 
propagating with the velocity VP = ((A+ 2p)/p)“’ and the S-waves 
propagating with the velocity V,= (~/p)l’~. In Ref. [BJK], the authors 
studied another type of elastic guided waves: the surface waves. In their 
model problem, the medium is homogeneous but the propagation domain 
is the exterior of a infinitely long borehole. In that case, the boundary 
condition, namely the free surface condition, plays a very important role in 
the mechanism of a surface wave (see also, [G2]). In our case, the only 
phenomenon which will generate the guided waves will be, as we said 
before, the local variations of p, 1, ,U as functions of the two space variables 
xi and xa and the main objective of this article is to find some conditions 
on these functions to guarantee the existence of guided waves. In a second 
step, we shall study some properties of these waves. 
Before giving the outline of the paper, let us give our notation. The 
unknown function is the displacement field U(x, t) = (Ui(x, t), U2(x, t), 
U3(x, t)) for x given in R3 and t in R +. U(x, t) obeys the linear 
elastodynamic equations [Mi]. In the case of a homogeneous isotropic 
medium, (p, A, cl) are constant, these equations can be written 
V(V. U)+; AU. (0.1) 
When p(x), n(x), p(x) are functions of xi and x2, (0.1) is no longer valid 
and the mathematical model takes a more complicated form which we shall 
give in Section 1. 
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By definition, a guided wave (or guided mode) is a solution of the 
elastodynamic equations in the form 
Uj(X, t)=Gj(Xl, X,)exp i(Ut-/IX,), j= 1, 2, 3, (0.2) 
where 
- w > 0 is the pulsation of the mode 
- p>O is the wave number 
- (iij(xl, x2), i= 1, 2, 3) is a complex valued vector field which must 
satisfy 
O< $, j Ifij(X,,X*)l*dX1dX*< +oO. 
j=l R2 
(0.3) 
This last condition means physically that the displacement field remains 
concentrated in a bounded region of the plane (x,, x2). Such solutions do 
not appear in a homogeneous medium but can appear, as we shall see, if 
the coefficients vary with (x1, x2). But in any case, the guided mode exists 
if and only if o and /I satisfy a relation which is by definition the dispersion 
relation of the mode. Plugging (0.2) into the equations reduces the problem 
of researching the eigenvalues and the eigenfunctions of a selfadjoint 
operator d(p) in the Hilbert space L*( R*, p dx, dx2). In such an approach, 
fi appears as a parameter, w* is the eigenvalue and ii is the corresponding 
eigenfunction. Thus, all the results we obtain stem from the spectral 
analysis of Z&‘(B) and the main tool of the analysis is the Max-Min prin- 
ciple ([RS 23). 
This article is organized as follows. In Section 1, we present the mathe- 
matical framework, give the mathematical formulation of our problem and 
obtain some important preliminary results about the bilinear form a(/?; .,.) 
associated with the operator d(p). In Section 2, we determine the essential 
spectrum of &(fi) and study the properties of possible eigenvalues 
embedded in the essential spectrum. The main results of the paper can be 
found in Section 3 in which we study in detail the discrete spectrum of 
&(/I). Our two main existence results (Theorem 3.5 and Theorems 3.6 and 
3.7) are given in Section 3.1. In Section 3.2, we introduce the very impor- 
tant notion of thresholds and study in detail the properties of these 
thresholds (Theorems 3.8-3.14). 
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1. MATHEMATICAL FRAMEWORK 
1.1. The Equations 
The problem of finding guided modes with pulsation o and wavenumber 
j? is reduced to solving the system 
A(B) u = o12t.4, u E L*( R2)3, (1.1) 
where the differential operator A(P) is defined by 
where the symmetric matrix &(u) is derived from 
d(u) = A(di@(u)) I+ 2~&~(u), 
divs(u)=g+auz-buX, 
1 8x2 
.sfj(u)=~(~+~), k, j= 1,2, 
~$~(u)=;(~+/?u,). k=l,2, 
(1.2) 
(1.3) 
E&(U) = -flu). 
To obtain these formulations, it suffices to start from the linear 
elastodynamic equations [ Mi], 
i= 1, 2, 3, 
ag(U) = I(div U) 6,+ 2pus,(U), i, j= I, 2, 3, (1.4) 
i, j= 1, 2, 3, 
and to consider displacement fields in the form (0.2). The following change 
of unknown functions 
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leads then to Eqs. (l.l), (1.2) which permits us to work only with real 
coefficients and to consider only real valued functions. 
From now on, we shall use only two space coordinates, namely x1 and 
x2, instead of three. That is why we shall set x = (x,, x2). 
1.2. The Assumptions 
We shall suppose that the functions p(x), n(x), and p(x) are measurable, 
positive, and bounded and that they satisfy the following conditions: 
(i) There exists a strictly positive real number R and three positive 
constant pm, A,, pL, such that 
P(X) = Pcoo,. 4x) = A,, Ax) = Pee 7 for Ixl>R (1.5) 
(ii) 
O<p- =essinfp(x)<p+ =esssupp(x)< +co 
xeR2 x.R2 
O<il-=essinfI(x)<1+ =esssupA(x)< +co 
XER2 xeR2 
0 < p- = ess inf p(x) 6 p+ = ess sup p(x) < + 00. 
xcR2 xeR2 
(1.6) 
A particular example of functions p(x), n(x), p(x) satisfying such assump- 
tions is the following: 
-Let 0 be a bounded open set of R2 and let ((pO, l,,, pO), (p,, A,, 
pa))) be six strictly positive constants, we define 
Such an example defines what we shall call a “jump coefficient” medium 
(we also suppose that 0 is homotopic to a point, i.e., 0 has no hole). 
1.3. Mathematical Formulation 
In the sequel we consider only real valued functions and real Hilbert 
spaces. In particular we shall set 
H=L2(R2, R3)=L2(R2)3 
equipped with the inner product, 
(4 0) = i j 
j=l R2 
Uj(X) Uj(X) p(x) dx. 
We shall denote by 11 u II = (u, u)‘/’ the corresponding Hilbert space norm. 
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Let us introduce 
I’= H’(R*, R3) = H’(R2)3. 
We can define on V the symmetric bilinear form, 
a;(u) E;.(U) dx, (u, U)E vx v, 
that we can also write as 
a(/?; u, u) = Jb2 l(x) divS u divP u dx+ 2 i 1 p(x) E;(U) E;(U) dx. (1.7) 
i,j=l R2 
Formally we have 
We can now give the two equivalent formulations of our problem. 
Variational formulation: 
Find u E V, u # 0, such that a@; u, u) = o’(u, u), Vu E Y. 
Spectral formulation: 
Let d(p) be the positive and selfadjoint operator in H, with domain 
0(&‘(b)) dense in H, defined by 
I)(&@))= utY;&~$~(~)~L’(R~),k=l,2,3,j=1,2 
i I 
Jav u = 4B) u if 24 E D(&(/I)). 
Our problem is equivalent to 
Find u~D(d(b)), u #O, such that d(b) U= w’u. 
The properties of the operator -la(B) (selfadjointness, . ..) as well as the 
equivalence of the two formulations are a consequence of the Lax-Milgram 
theorem, of the coerciveness result (1.8) which we shall establish in the next 
section, and of the identity, 
We are thus led to study an eigenvalue problem for an unbounded 
selfadjoint operator in which the wavenumber /I appears simply as a 
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parameter. Let us note that, as the resolvent of d(p) is not compact, even 
the question of the existence of eigenvalues for &(/I) is not obvious and 
this is why we need a rather complete study of the bilinear form a@; I(, u) 
to be able to state precise results. 
1.4. Properties of the Bilinear Form a(@; u, v) 
LEMMA 1.1. Wirh IVu I2 =x,?=, IVu, I’, Vu, = (&,/iJx,, du,/dx,), one has 
a(j?;u,u)>p- (JR2 lvul’dx+B’J”R~ lul’dx), VUE v. (1.8) 
Proof of Lemma 1.1. From ( 1.7), we deduce the inequality 
a(jtu,u)a2p. I,,( i IE~(U)I2)~~. 
‘.I= I
(1.9) 
Then it is sufficient to prove that 
To obtain this identity, we tirst note that 
i.j= I 
=2~i~i2+i~i2+B~lu~l’)+~~i2+i~i2+2~~ 
+ I 2 
I 
I 2+p21U,,2+2bh~+ 
I 
I 2 
2 
I 2+p2,u2,2+2/?u2gT 
2 
Then, thanks to integration by parts, we get rid of the terms fR2 (&,/6x,) 
(8uj/Jxi) dx, i fj, and j R~ uj(JuJ/3-Yj) dx and obtain (1.8). 1 
We now give a decomposition of the bilinear form a@; u, G) that we shall 
use in the next sections. 
PROPOSITION 1.2. 
4/t u, u) = b2 F II u II2 + w; u, u) +p(B; 4 u) 
cv 
(1.10) 
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b,(u, ~1 = jR2 P 1% I* dx 
AP;w4=B* jR2(;-~)d4*dx 02 
(~4~1.4~) + T& (~~24~) dx. (1.12) 
2 1 
The bilinear form b( /I; u, u) is positive since one has the identity 
Mu, u) + b,(P; u, u) 
=~~*p[(~+~)i+2~~i~-~u,/2]dx+~~*il~iv8u12dx. 
(1.13) 
Proof By definition of a@; u, v) we have immediately, after having 
developed some terms, 
a(/?; u, u) = JR2 A I di@u I 2 dx + 
+ jR2p IVusI*dx+ i 2P jR2 p$ujdx 
j=l 
ax, 
J 
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Then it suflices to remark that 
I R2 CL 2 uj dx 
J 
s A IdivSuj2dx R2 
to obtain the identity (1.10). To obtain (1.13), we simply use the equality 
Remark 1.3. In the decomposition (l.lO), the main property of the 
bilinear form b(/?; u, u) is its positivity. The interest of the bilinear form 
p(p; u, u) comes from the following compactness property: 
For any sequence (u”) converging weakly in V, we have, if 
u is the limit of (u”), lim, ~ +oD p(p; un, u”) =p(/?; u, u). (1.14) 
To prove (1.14), we simply note that, as (u”) is bounded in H1(R2)3, (u") 
is compact in L2( 1 x 1 < R)3. The result follows immediately, as p - pL, = 0 
for IxlbR. 
2. SPECTRAL STUDY OF THE OPERATOR 
In this section we give the main spectral properties of -cS(fi) with the 
exception of the discrete spectrum. We shall study the discrete spectrum of 
&(/I) in Section 3. This section is divided into two parts: in the first one we 
determine the essential spectrum of &(/I) and in the second one we study 
the properties related to eigenvalues embedded in the essential spectrum. 
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2.1. The Essential Spectrum of d(p) 
We recall that the discrete spectrum aJ&‘(P)) of lal(j?) is the set of finite 
multiplicity eigenvalues which are isolated in the spectrum, a(&‘(/?)), of 
a(/?). By definition, the essential spectrum a,,,(&(/?)) is the complement 
of c~(JYZ(/?)) in a(&‘(/?)). We have the following characterization of the 
essential spectrum: 
CHARACTERIZATION 2.1 (cf. [Sch]). A number CJ belongs to a,,,(&(B)) 
if and only if 
There exists a sequence (u”) in I)(&@)) such that 
))zP)12= 1
un + 0 in H (weakly) 
&q/II) un -+ 0 in H (strongly). 
(2.1) 
THEOREM 2.2. oess(~(B)) = [~*(Pm/Pm)~ + cc [. 
Pro4 0) ~,,,(-olW) = CB’(P,/P,)~ + m C. 
The inequality (1.8) shows that any sequence (u”) satisfying (2.1) is 
bounded in V. From property (1.14), we know that, as (u”) converges 
weakly in V to 0, 
lim p(/3; zf, u”) = 0. 
t7-+‘X 
We shall now use the decomposition (1.10). 
0 = lim ((d(B) - a) zP, u”) 
?l-+CC 
= lim a(/?; u”, u”) - 0 
?I-+aO 
Then, as b(B; zP, u”) 2 0, we deduce immediately 
(ii) G,&WN = CB*~LJPA + 00 C. 
We construct, for each CT in the interval [/?2pa/p,, + co [, a sequence (u”) 
verifying (2.1). For this, let us denote by A,(b) the operator corresponding 
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to constant coefficients p = pa, 3, = 1,) p = poo. We have, in the sense of 
distributions, 
A,(B)u,=~(k:+k:+p2)u,, 
cc 
where k2 #,(x1, x2)= (k;+k;)-1’2 cos(k,x, +k2x2) [ 1 -kI (k,, k,) c R2. 0 
(Physically, the function u, corresponds to a shear wave or S-wave, see 
[Mi].) Unfortunately, a, does not belong to the domain of d(p). That is 
why we introduce a cut-off unction 4, to define 
u”=&4, 
$4”(X) = LY,(A (V, :) 
,,x)={; if Ixl<l if 1x122’ hWR2) 
PCC I R* ldn(x)12 If4x)12~x=1 (determines ~1,). 
Then, if one chooses (k,, k,) such that r~= (pJp,)(kf + k:+f12), it is 
rather easy to check that the sequence (u”) satisfies (2.1). The theorem 
follows immediately since cr,,,(d(fl)) is closed. 
2.2. About the Eigenvalues Embedded in the Essential Spectrum 
2.2.1. Properties of the Eigenfunctions. 
LEMMA 2.3. Any eigenfunction u associated with an eigenvalue o2 such 
that w2 > (,u,/p,) /II’ satisfies 
au, ax.-/lui=o if i=1,2andIxIaR. (2.2) 
I 
Proof: When 1 x I> R, the three Lame’s coefficients p, 1, and p are 
constant and the equations satisfied by u are written 
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Let us introduce, for i = 1, 2 
au3 ra=--flUi 
axj 
E H. 
Combining equations (2.3), it is easy to see that 
Ari3+$y?‘~)ri3=0, i=l,2. 
To complete the proof, it suffices to apply Rellich’s theorem ([Wi2, 
P. 561). I 
LEMMA 2.4. Any eigenfunction u associated with an eigenvalue o2 such 
that 02> (2, +2pm)/p, /?’ satisfies 
u(x)=0 for IxlBR. 
Proof. From (2.2), we deduce that 
Au3=p(2+$) for 1x1 >R. 
Plugging this equality into the last equation of (2.3) leads to 
Au,+ pw 05-p 2L+2cl* 
L + a-L 
u =o 
3 * 
PO2 
By Rellich’s theorem, we know that u3(x) = 0 for 1x1 2 R. Then, using 
(2.2), we have u,(x) = u2(x) = 0 for 1 x I> R. 
2.2.2. Multiple Jump Coefficient Guide: a Non Existence Result. We first 
state a result concerning a jump coefficient guide. 
COROLLARY 2.5. For a jump coefficient guide, any eigenvalue o2 of 
&s(p) satisfies 
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Proof: Let us recall that (see Section 1.2) 
P(X) = PO, Ax) = POT A(x) = I, if xc0 
P(x)=Pm9 /&)=Ilm9 /l(X) = A, if x$0. 
Reasoning as for Lemma 2.3, we show that the functions ri3 = &+/c?x, - flui 
satisfy 
Ari3+~(m2-fi2~)ril=0 inR’\O. 
This proves that ri3 is analytic in R2\0. As R2\0 is connected and ri3 = 0 
for 1 x I> R, we deduce that ri3 = 0 in R2\0. By the same manipulations as 
in the proof of Lemma 2.4, we now see that 
Au,+ ‘03 oJ2-p2 L+hx 
Lx +&Lx 
u =o 
PC0 
3 3 
which proves that u3 is analytic in R2\0 and equal to 0 for 1 x I> R. As 
R2\8 is connected, we can state that 
u3 = 0 in R2\0 
and therefore, as ri3 = 0 in R2\0, that 
u=o in R2\0. 
Now, let A,(/?) be the differential operator defined by ((1.2), (1.3)) when 
p(x) = po, p(x) = po, and n(x) = 1,. In the sense of distributions, we have 
A,(/?) 24 = co224 in 0 
A,(p) u = w2u in R2\0 (as u=O). 
Let a,@; ., .) be the bilinear form given by (1.7) when p(x) = po, p(x) = p. 
and n(x) = Jo. As the support of u is included in 6, it is easy to see that, 
for any o in 9(R2) ( sCF(R2)) 
from which we deduce 
This proves that 
(Po~om u, 0) = 02(% u). 
A&?) u = co224 in 9’( R’). 
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We can mimick the first part of the proof, replacing po3, pu,, and 2, by 
pO, pO, and 1, and showing that u is identically 0 which contradicts the fact 
that u is an eigenfunction. m 
The proof of Corollary 2.5 leads to a natural generalization of the 
previous result. First of all, let us make a definition. 
DEFINITION 2.6. Assume that there exists N bounded connected open 
sets oj (in R*), j= 1, 2, . . . . N and strictly positive constants (pi, pj> Aj), 
j= 1, 2, . ..) N, such that 
gnt?&=QI if j#k 
R2 i)q 
\ 
is connected 
j=l 
P(x)=Pj~ n(x)=Aj~ Ptx)=Pj if xE0, 
We shall say that such assumptions define a multiple jump coefficient guide. 
We can now enounce our result: 
THEOREM 2.7. For a multiple jump coefficient guide, the operator a(/?) 
has no eigenvalue in the interval 
1B2(L +2Pm)/P,, +a c. 
Proof: We can suppose without loss of generality that the sets 4 are 
numbered in such a way that, for any k, the set ( Fi2\U~=, ?$) is connected. 
It is then easy to see that the result can be obtained by multiple iterations 
of the proof of Corollary 2.5. One first shows that u is equal to zero in 
(R*\UiN_i ?$), then in (R2\lJ,j?~~1’ q), and so on... 
Remark. The proof shows that the number N can be infinite in 
Theorem 2.7, and that the open set Co can have a hole in Corollary 2.5. 
2.2.3. Multiplicity and Accumulation Points of Eigenvalues of d(B). 
These two questions can be studied in a similar way since in both cases we 
have to work with a sequence (u”) in D(&(/?)) which converges weakly in 
H to 0, with )( U” II = 1. To express that 0 is an eigenvalue of &(/I) with 
infinite multiplicity, we simply write 
d(lJ) ZP = cd, n = 1, 2, ,.., (2.4) 
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while u is an accumulation point of the eigenvalues of xZ(/?) if and only if 
there exists a sequence u,, of real numbers such that 
s3qp)un=0,U” 
u, --* a (n + + cc ). (2.5) 
PROPOSITION 2.8. Any eigenvalue a of&(P), distinct from p2pJpm and 
P’L +hmvP,> has finite multiplicity. 
Proof. Suppose that u” satisfies (2.4) and converges weakly in H to 0. 
As in Theorem 2.2 we can conclude that 0 2 p’ p,/p,. Suppose now that 
CJ > /3’ p,/p, and let (u”) be a sequence of eigenfunctions associated with 
0 such that 
II U” II = 1 
u” + 0 (weakly) in H. 
To study a(/3; u”, u”), we use the decomposition (1.10). After having 
remarked that 
b,(B;u”,u”)= R1co.+PHL+P,)l I 8’Iu;l’-v (““I ?)u;]dx z+ax 
-(j.~+~~)~~~[~‘~u;~‘-zp(~+~)u~]d~ (2.6) 
we integrate the second term of the right hand side of (2.6) by parts and 
use Lemma 2.3 to replace au!$?x, by flu, when Ix) >, R. Then we obtain 
4B; u”, u”) - B un, 24”) + b2(u”, u”) + j12(%, + p(,) 
X 
I 
,~,,R(I~;12+l~;12)d~+P(B;~“,~“). 
where d(/?; ., .) as the same compactness property (1.14) as p(j?; ., .). As b0 
and b, are positive, II u” II = 1, and a(j; u”, u”) = CJ, we obtain 
Taking the limit when n goes to infinity shows that u > j?’ (I., + 2p,)/p,. 
Now suppose that u > f12 (A, + 2pcc)/pclc. Applying Lemma 2.4, we can 
state that the sequence (u”) converges strongly in H to 0 (and not only 
weakly) : indeed by compactness, (u”) converges strongly in I!.‘( I x I < R)3 
and, by Lemma 2.4, the support of un is included in the ball 1x1 < R. 
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This contradicts the equality I/ U’ !I = 1 and completes the proof of the 
theorem. 1 
It is natural to think that the absence of eigenvalues in the interval 
]/?(A, + 2~, )/p%. , + cc [ is a general result. But this remains a conjecture 
which could be proven if one could use for systems a unique continuation 
theorem as it exists for the operator -A for instance (see [RSZ, 
Theorem X111.63]). The situation concerning the eigenvalues in the interval 
I/?’ p,/p?. , /I’ (E., + 2~, )/p, [ is much less clear. In fact there exist some 
examples of functions (p(x), n(x), p(x)) f or which such eigenvalues do exist. 
We refer the reader to a forthcoming paper in preparation for a more 
detailed analysis of this particular point [Jo]. 
~OpOSlTlO~ 2.9. The eigenvaiues of’ ..d(fi) cun accumulate only ai 
infmify or at p’(A., + 2pz,.)/p, .
ProoJ It is similar to the one of Proposition 2.8. A priori, a sequence 
of finite multiplicity eigenvalues of d(/?) could converge to /I’p,/p, but 
the result of Theorem 3.8 will exclude this possibility. 1 
3. THE DISCRETE SPECTRUM OF z!(p), 
EXISTENCE AND PROPERTIES OF THE GUIDED WAVFS 
This section, in which we study the eigenvalues of d(b) which are not 
embedded in the essential spectrum, contains the main results of this 
article. We have divided this section into two parts. Section 3.1 is devoted 
to our two main existence results. These results lead us to introduce the 
important notion of thresholds, that we study in detail in the Section 3.2. 
The main tool of the analysis is the well-known max-min principle 
[RS23. We are giving a statement of this principle for the particular case 
of our operator &(/I). Let us first introduce some notation. 
DEFINITION 3.1. For any integer m 2 1, we shall denote by s,(B) the 
real number defined by one of the two equivalent formulas (cf. [DS, 
.%m = sup inf 
4B; 09 0) 
( v,.l’* . . . urn IIEH VE[YI.Y2 . . .vm-111. v z b II v II 2 > 
(3.1 
.%l(B) = inf sup 
4B; 0, VI 
(c I..... Urn)6 Y YE [u I.... Pm]. ,I zd > llvl12 ’ 
(3.2 
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where we have set 
C” 1 , . . . . V,]= V=j~,ajVj;(a,,....O.)ERm~ 
{ 
C” I, . . . vJL = {VE v; (0, Vj)‘O, 1 Gj<m}. 
Joining the result of Theorem 2.2 to the max-min principle permits us to 
enounce the following theorem: 
THEOREM 3.2. The sequence (s,(p)) . 1s an increasing sequence of real 
numbers converging to /3’ucc/p J.. For each m, the following alternative holds: 
(9 s,(B) < B2hJ~ 3. : the operator &(/.I) has at least m eigenvalues, 
counted with their multiplicity, strictly smaller than f12uJpco, which are 
(ii) ~,,,(j?)=/?~p~/p~ : the operator -cS(j?) has at most m eigenvalues 
strict& smaller than fi’u cf /p cE . 
3.1. Existence of Guided Modes 
In fact in this section we discuss the existence of discrete spectrum. Let 
us first remark that, from the coerciveness inequality (1.8), we immediately 
deduce the: 
LEMMA 3.3. 'Th~(b))~[b'P -/P+vf12F,/P,). 
Therefore, the discrete spectrum of &(j?) will be empty as soon as 
u-/p + = uJp,. Let us state a precise result in the following corollary. 
COROLLARY 3.4. Assume that 
P(X)GP, a.e. XER2 
p(x)>poc a.e. XER*; 
then zI(j?) has no discrete spectrum. 
This simple result shows that the question of the existence of discrete 
spectrum is not trivial. Besides, Theorem 3.2 gives us a method of proving 
the existence of eigenvalues in the interval [/I’u-/p+ , j12um/pco [ : if we 
are able to construct m appropriate test functions (v,, . . . . v,) in Y such that 
V” fs C”, 9 ..., “A a(B;u, ~)-8*(~,lp,)<O (3.3) 
then point (i) of Theorem 3.2 holds and we know that a(/?) has at least 
m eigenvalues, namely s,(p), s2(fl), . . .. s,(B). 
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3. I. 1. A Firsr Exislence Result. We set 
THEOREM 3.5. If the inequality (p/p) < pJp r: holds, then, for each 
integer m 2 1, there exists /?X 3 0, such that 
bl@) < B’(P x lP, ) for P>K 
which means that d(p) has at least m eigenvalues in the interval 
CB'b .IP+), B*bJp~)), namely (s,(B), s2UQ .-., s,(P)). 
Proof: From the inequality (p/p) < p,/p,: we deduce the existence of 
a non negligible measurable set C such that p(x)/p(x) -C p Jp, , a.e., x E C. 
There exists an open set U such that Cn U and Cn ( R2\ 0) have a strictly 
positive measure. Repeating this result, we prove the existence, for any 
m 2 I, of m open sets (U,, lJ2, . . . . U,,,), U,nU,=QI if k#j, and m 
compact subsets (C,, . . . C,,,) of C, with non zero measure such that 
UkICk, k = 1, 2, . . . . m 
P(X) <b 
P(X) P7' 
a.e. XE C,, k = 1, 2, . . . m. 
For each k, we can find u: in H$U,) such that 
J”k (k-5) p Iuydx>o 
and J ux 1uypdx= 1. 
Let iit the function of Y be equal to ut in U, and equal to zero everywhere 
else. The functions uk = (I?‘;, 0 0) generate an m-dimensional subspace I’,,, 
of V. Moreover, as the Uk are disjoint, the vectors uk constitute an 
orthonormal basis of I’,,, and give also the principal directions of the 
quadratic form defined on V, by a#; ., .). Therefore, there exists an integer 
k, 1 G k d m, such that 
su 4% 0, v) 
DE Ft. Ilull 
= 4B; U&T Uk). 
U#O 
But, thanks to equality (l.lO), 
(3.4) 
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which proves that, for /I large enough, 
a(/?; Uk, Uk) < p’ F. 
z 
Remark. In the case where the inequality p(x)/p(x) < p,/p, holds in 
some open ball, the proof of Theorem 3.5 is simpler and leads to a more 
precise result that we shall give in Section 3.2 (Theorem 3.10). In fact, the 
idea of the proof is to compare the number s,,,(b) with the eigenvalue of an 
“interior” Dirichlet problem for a classical scalar elliptic operator in this 
ball. 
3.1.2. A Second Existence Result: Generalized Sroneley Waves. One can 
naturally wonder whether the condition (p/p)- < pLz/poc is necessary for 
the existence of a discrete spectrum or not. Our next result will prove that 
it is not. In fact, we have the general inequality, 
It can occur that (p/p)- =pJpz and that p /p+ <(p/p) which 
preserves the possibility of the presence of eigenvalues of &(/I) in the 
interval ] fl’p-/p + , /12(p/p) [. The existence of the generalized Stoneley 
waves will give an example of such eigenvalues. 
We shall obtain our main result for a jump coelkient guide associated 
with (po, lo, 14 and (P,, L, p,)(cf. Section 1.2). We shall define in the 
appendix what the Stoneley’s equation is associated with ((p,, LO, p,,), 
(P,,G, pm)). To state our result we only have to define the set & as the 
set of coefficients ((p,,, A,,, p,,), (p,, , A,, pX )) for which the corresponding 
Stoneley’s equation admits at least one real solution in the interval 
10, (p/p)!!‘[ where (p/p)- is equal to Min(pO/pO, p,/p,). &s is a non 
empty subset of (R + )3 x (R + )’ and has been studied by several authors 
[Ca; Mi, p. 165; ES, p. 5391. When ((p,, , i,, p,,), (p,, i.,, p,)) belongs 
to &, we denote by V,, the smallest solution in the interval 10, (~/p)!!~ [ 
of the Stoneley’s equation. We can state the following theorem. 
THEOREM 3.6. Suppose that ((p,,, i,, p,,), (p,, I.,, p,)) belongs ro &. 
Then .for the corresponding jump coefficient guide whose interface r is of 
class C’, one has, for any m E N *, 
lim sup %m < V2 
( > 
,k 
P- +r 
7’ SI 
P* . 
(3.5) 
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In particular, there exists an increasing sequence (t?:),,, of‘ positive real 
numbers such that, for /I> pz, the operator &(/I) has at least m eigenvalues 
in the interval IO, b2u,./pF[ which are s,(p)< ... <s,(/I). 
We shall give the proof of this result later in this section. In fact, an 
attentive reading of this proof will show that the previous theorem can be 
generalized as follows :
THEOREM 3.7. The conclusions of Theorem 3.6 still hold as soon as the 
three following conditions are satisfied: 
(i) There exist three open sets 0, 0, , O2 such that 
’ 0=6,uO,, 0,n02=0 
l (p(x), j.(x), p(x)) = (pi9 A,, pi) if XE O,, i= 1, 2 
l the interface f = JO, n i?02 is of class C’ 
(ii) ((P,, j.,,~,L bzr i.,, p2)) belongs to the set KY. 
(iii) V,,, the smallest solution of the Stonefey’s equation associated 
with ((p,, i.,, u,), (pz, i.,, u2)), is strictly smaller than (uc,/p,)“2. 
Remarks. 
. In fact, it will be clear in the proof of theorem that the interface r
only needs to be locally of class C’. 
l We shall see that the set &. has the symmetry property, 
((PO, ~o~~o)~(~~~).~X~~.))~~~~((~~~j.,~~;c)~(~or~0~~o))~~~. 
This property allows us to construct a medium for which (p/p) _ = p,/p, 
and for which guided waves exist. 
l The guided waves that we point out in theorem can be considered 
as generalized Stoneley waves. These waves are interface waves (as the 
Rayleigh wave is a surface wave). Indeed it can be proved that, for large 
fi, their energy concentrates exponentially near the interface r. 
Proof of Theorem 3.6. Let us recall that 
(P(X), 4x), P(X)) = 
(PO9 A09 PO) if XEC” 
(p 
,,L,k) if XEQ= R2\B 
and that the interface I- between G and Q is supposed to be C’. So, there 
exist locally 
+ a system of orthonormal coordinates (0, x, , x2) 
l a functionfs C’(R),lf(O) =f’(O) = 0 
+ a neighborhood V of the origin 0 
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such that, for some a > 0, 
~~~={(~,,x~)~R~Ix~=~(x,),x,~I--~~C} 
~~~={(~I,~2)~*Irl~2~f(~I),~I~l--a,~C} 
~~~={(x,,x~)~~/x~~/(x,),x~~~--,~[:}. 
Moreover, for a suitable choice of w‘ there exists 6 > 0 such that 
~n~={(x~,x2)~R2/Ix~I~~,f(xI)-~~x2~f(x1)} 
~n~={(x,,x2)~R2/Ix,I<u,f(x,)<x2<f(x,)+~}. 
We choose 4 in HA(]-~,a[) and $a in C,“(R), O<rj6<1 such that 
ea(x2) = 0 if 1 x2 ( > 6 and ea(x2) = 1 if (x2 ( < 6/2. We shall consider in the 
sequel test displacement fields IJ in the form 
U(X*,X2)=~(X*)U6(X2--f(XI)) (3.6) 
u6(x2) = $6(X2) ~YX2)~ 
where us’ has been defined in the appendix by (A.4) and (A.8). We have 
supposed implicitly that the first coordinate U, is identically equal to 0. Let 
us note that the support of u is contained in 
Q,= Ux,9~2kR~Ilx,I <a,f(x,)-6<xz<f(x,)+6}. 
For functions u of the form (3.6) we can calculate 
4P; 4 u) 
(1 = 
L1 
+ 
(J 
” Icw*)12~x, 
NJ 
+z Ax2)I udb2)12 dx2 
-a 
-= 
> 
+ 
( 
J’ (4(-d)* (f’h))2 dx, -0 )(,‘I a(x2f3X2~~*dX2) 
-2 Ja 4b*)4’bl)f’(X,)~x, 
( -0 >(j 
+OL P~x2~u”~x2~.g(x2)dx2), 
- -r 2 
(3.7) 
where u’(jI; ., .) is defined by (A.2). When /I? becomes large, the function us’ 
is concentrated in a neighborhood of x2 = 0. We shall explain later why this 
permits us to write 
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a’@; 246, u”) 
=a’(/?; ZP, U”‘)(l +o(fi2e-“““)) 
J 
+CC 
14x2) I ud(xd12 dx, 
-cc 
= (J +Vp(x2)IuSt(x2)J2dx2 (1 +O(eP’@6)) --co
J 
+CC 
--m 
J 
+CC 
--co 
/4x2) u’(x2) -g (x2) dx, 
2 
= (I + O” /4x2) df(x2). g (x2) dx,) (1 + 0(/F@‘)), (3.8) --co 2 
where q denotes a strictly positive constant. In the way, one easily checks 
that U, defined by (3.6), satisfies 
JRzp iu[2dx=(JIa l&x,)l’dx,) (1 +oW@% (3.9) 
It suffices to join this result to (3.7) and (3.8) and apply the 
Cauchy-Schwartz inequality and identity (A.9) to obtain 
a’ 11~112 
l a(B; uy u, d V,:(l + o(+“B6/‘)) +-+ q(a; Q-)(1 + o(ge-VP”)), 
where we have set 
p(o:m,r,=[J~~e(/~/2+~~st-~~)dx2],~~~~~f.f(x,)’ 
+[J~~ll(lust,2+lust.~~)dx2]~i,~~~~~~~~~~. (3.10) 
It is then easy to see that there exists a positive constant C such that, for 
B large enough 
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Now, let (4,) #2, . . . . 4,) be functions associated to the m first eigenvalues 
of the operator -d2/dx2 in H$] -a, a [) and I’,,, the subspace of Y 
generated by (4, u’, $2u6, . . . . bmud). By definition of s,(j?) (cf. (3.2)) we 
have 
+ C( 1 + o(j?*e -“9) ( 
j.,(a) sup If’(x,)12+- 
IXII<U ) P ’ 
I.,(a) = m2n2/4a2 denoting the m th eigenvalue of - &/dx2 in Hh( ] -a, a [ ). 
We easily obtain 
lim SUPc, _ + oc y< v;,+c sup If’(xJ2. 
1x11 cu 
(3.11) 
Now as S’(O) = 0 and f’ is continuous, we know that 
vs < 0, 30 > 0, c sup ) f’(X# <&. 
lXlI<U 
So by choosing a small enough, which is always possible, we see that 
lim ~~P(L(P)/B’) . IS smaller than VI, + c for all E > 0, which finally gives 
(3.5). To be complete we simply have to prove the relations (3.8) and (3.9). 
We shall content ourselves with establishing third equality of (3.8). The 
other ones can be obtained by analogous calculations. 
From the equality 
We use (A.lO) (see the appendix) to deduce (&(x2) = 0 if 1 x2 1 < a/2), 
where ‘I= [I - Vf,(p/lp)-I”* 6. 
On the other hand we write 
50548.l-IO 
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which gives 
+.I P bcl’ -g I I d+b 2dx 2./XI >w= 2 (3.13) 
The Cauchy-Schwartz inequality permits us to estimate the two last terms 
of the right hand side of (3.13) in terms of CD exp( -q@). It sufIices to 
regroup this result with (3.12) to obtain the third relation of (3.8). 1 
3.2. Study of the Thresholds 
Our two main existence results (Sections 3.1.1 and 3.1.2) lead us 
naturally to introduce the quantities (for m > 1) 
(3.14) 
By definition, /I& is the mth lower threshold (or cut off wave number) and 
/I: is the mth upper threshold. 
It is clear that the sequences (/It) and (BX) are increasing and that 
Of course one can have /I: = + co, if a(p) has no eigenvalue. Otherwise, 
results of Theorems (3.5) and (3.6) express that, under correct assumptions, 
the numbers /?z are finite. 
We can interpret graphically the meaning of the quantities pz and /Ilf, by
considering, in the plane (B, w), the curve o = ~,,,(/3)‘/~. We know that this 
curve is located under the line o = /?(~,/p,)“~. Moreover: 
-as long as /I < /I:, the curve w =s,,,(B)“~ coincides with the line 
OJ = B(Pm/PaJ)1’2> 
-as soon as /I > j?z, the curve o = s&3) ‘I2 lies strictly under the line 
OJ = B(Pc,lPcoY’2 and represents the graph of the dispersion relation of the 
m th guided mode. 
A priori, the numbers /Ii and /I: can be finite and different, as illustrated 
below. 
PROPAGATION OF ELASTIC GUIDED WAVES 137 
FIGURE 1 
Our first result concerns the asymptotic behaviour of the sequence fi”,. 
THEOREM 3.8. The sequence (fl” )m m2I goes to infinity. More precisely, 
there exists a positive constant C (depending on p, I., p) such that 
sim - 2 2 cvy2, m = 1, 2, 3, . . . . (3.15) 
where (XL, 1 is the sequence of the eigenvalues of the operator -A in the 
disc of radius R with Neumann boundary condition. 
Proof: As the sequence (/?L) is increasing it is sufficient to prove (3.15). 
For this, we shall evaluate the quantity a@; u, u)-fi2(p,/pX) /uJ(’ and 
use the max-min characterization (3.1) of the numbers s&I). With the help 
of (1.10) and (1.13), we can write 
a@; u, u) - B2 F II uII2 
* 
2 i- I IdivPu12dx+p. f IVuJ2 dx I32 R2 
By using integration by parts, we eliminate the term j (au, /8x,)( ~?u~/dx, )dx 
to prove that 
= JR1 )divau(’ dx+ i 1 lvujl’dx 
,=, R2 
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and then to deduce the lower bound 
We have now to bound p(/?; U, U) from below. For this, we use the 
inequality (E 3 0), 
Choosing I: small enough, we can find positive constants C, and C, such 
that 
Let B be the open disc of center 0 and radius R and -A, the selfadjoint 
operator associated to the Laplacian in B with Neumann boundary 
condition. If (A,“),,, $  denotes the sequence of the eigenvalues of -A, and 
(WC) is a corresponding sequence of eigenfunctions we know by the 
max-min principle that 
[ ~Vz~I~dx>,l.~ 1 (cl2 dx, VGE {ad?‘(B); (u, w,?)=O, 1 <j<m}. 
Jo Jo 
Now, we define 3(m - 1) elements of H by 
p(x) = 
1 
by(x), 090) 
(o, o, o) 
“(F’(X) =
1 
(09 w/w, 0) 
I 
a09 0) 
u;“(x) = 
(09 0, w,“(x)) 
(o, o, o) 
if Ixl<R 
if Ixl>R 
if Ixl<R 
if Ixl>R 
if (x(<R 
if lxl>R. 
Let Y,, _ 3 be the subspace of H of dimension (3m - 3) generated by these 
elements. If 24 fz V,l, _ 3, we note that on B the restrictions of ui belong to 
H’(B) and are orthogonal to WY, . . . w,“. i. Then, we have 
a( /3; u, u) - j’ k Pa iWwX-c2~2) jB lu12dx, vue V:,“. 3 
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When /I’ is smaller than (C,/C,) AL, the right hand side of this inequality 
is positive which, with (3.1), proves that ~~,,,-~(P)>fl’p,/p,. Thus, by 
Theorem 3.2, we know that So,-, = p’ p,/p, for I< C(AE)“‘, 
C = (C,/C2)1/2, which completes the proof. 1 
Remark. The classical results about eigenvalues of the Laplacian 
operator with Neumann boundary condition [RS2] permit us to say that 
there exists a positive constant Cr such that 
PL-22 Cln1’2 (n>2). 
COROLLARY 3.9. (i) The sequence /?Tt, ends to + 00. 
(ii) pi>0 
(iii) For any fl> 0, the number of eigenvalues ofa(/?) in the interval 
((P-/P+)~~, (P,/P,M~) isfinite. 
Proof: (i) is immediate and (ii) comes from (3.15) for m = 2 since 
A; > 0. Finally, if d(p) had an infinite number of eigenvalues, one would 
have /3: < p for any m which contradicts the fact that fl: goes to 
infinity. i 
We can describe precisely the behaviour of the numbers /I”, and flz when 
the assumptions of Theorem 3.5 are made very slightly stronger. 
THEOREM 3.10. If there exist an open Q c R2 and a real number 6 > 0 
such that 
-+6<& a.e. P(X) 
P(X) Pm 
XE@ (3.18) 
then there exist two positive constants C1 and C2 such that, for large m 
C,m’/’ 6 j?s), < 8: C C2m’i2. 
ProoJ We have only to prove that flz < C2m’12. We keep the principle 
of the proof of Theorem 3.5. For test functions u in the form u = (ur , 0, 0), 
we have 
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Let us consider the Laplacian operator with Dirichlet boundary condition 
in the open set a. Let (i:),, , be the increasing sequence of corresponding 
eigenvalues and (t’,), 2 , be a sequence of associated eigenfunctions. One 
has 
Let us set 
i 
ax) = (Q(X), 090) if xE@ 
d(X) = (0, 0,O) if ~4%. 
Clearly the sequence (nk) belongs to V. Now, if u is a linear combination 
of U’, 22, . . . . Urn, it is clear that the right hand side member (3.19) is strictly 
negative as soon as /I > C(iz/S)1’2, where the constant C only depends on 
Lame’s coefficients. Then using the max-min principle, we deduce the 
bound 
which taking into account the classical properties of the sequence (i-i) 
gives the result. 1 
From Corollary 3.9, we already know that the fourth threshold /I! is 
strictly positive. We are now going to prove that it is also true for the third 
threshold /?y. 
THEOREM 3.11. We have /I:> 0 which means that, for p small enough, 
sZ(j?) has at most two guided modes. 
ProoJ: Let E and q be real numbers with 0 GE G 1 and 0 c ‘I, and B’ be 
the disc of center 0 and radius R’> R (we shall fix R’ later in the proof). 
We have 
ad [82(1-2~~f~,lu,,2dx-~i( i lVuj12)dx]. 
j- I 
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We plug this result into (3.16) to obtain 
,Vu,l’dx+Bi~~,(~-~)pu:dx] 
+~~~~lV.,i2dx+~‘~~,[(~-~)p+E1~(l-2~)]u~dx 
+28~B,bwA &w43)+-&2u1) dx. 
1 2 I 
(3.20) 
Let us set P(Q) = {u E H’(Q); jn u dx=O}. If Sz is bounded, there exists a 
constant C(Q) > 0 such that 
j IvI’dxGC(Q)j [Vul’dx, vu E P(Q). 
n R 
Let us denote by x the characteristic function of B’ and let us consider the 
two elements of H, 
i 
VI =(x9 O,O) 
v2 = (0, x, 0). 
If an element u of Y is orthogonal to u’ and u2, the two first components 
U, and u2 belong to P(H). Thus 
Let us decompose H’(Z) as H’(B’) = P(H) + P(B’)‘, with 
P(B’)’ = (ue H’(E’); u is constant in B’}. 
If we set 
u3 = U3P + &, #,,EP(B’), u$,EP(By 
we can write (we identify u&, and its constant value in the ball B’) 
=(d42(,..[(;-~) p+ctl .(l-2~) dx +D, ] ) (3.22) 
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where D can be estimated as follows (v is an arbitrary positive number) 
1v~,l2d~ 1 . (3.23) 
We regroup (3.21), (3.22), and (3.23) in (3.20) to obtain for any u in V, 
orthogonal to [u’, r’], 
+2fijB,(~--lcJ $44+$42~,) dx. 
I 2 1 (3.24) 
Suppose for the moment that /.I = pa. Ifwefixrl=fands<~~ ./iL,both 
quantities p _ - sj, _/q and EA_ ( 1 - 2~) are strictly positive. In particular, 
as (P/P)- @,/p,) =0 when 1x1 B R, we can choose R' large enough so 
that 
L [(s-3 ] P+E% _ (1 -2~) d.u>O. 
Now, we can choose y small enough so that 
p+sA-.(1--q) dx. 1 (3.25) 
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Finally, if /I is small enough, we shall have 
pcL_ -+?‘C(B’) ll~s-~~~l12° (326) 
u--p’c(s.)(l+t)jj(~-~)p+a~(l-2~)11_>o . 
and consequently 
a(P;u, u)-B’F IIul12~o, VUE (2s v; (u, v’)=O,j= 1,2}. 
m 
By characterization (3.1) we deduce that s&l) = fi2~,Jpm which means 
that /?i>p>O. 
In the general case p # pm we have to estimate the last term of (3.24). 
For this, we write (a > 0) 
v IP-AOI $3 
J 
2P IP-PmI 25 
J 
The terms obtained with alduj/dxj(* and aIp-pm/]ih,/~xj(2 can be 
estimated with the two first erms of the right hand side of (3.24) by 
choosing a small enough. The terms obtained with @‘/a)[ uj12 do not pose 
any problem because of (3.21). 
It remains to treat the term in ( uj 1 2. For this we again use the decom- 
position ug = ujP + uiP and we have then to choose R’ large enough in 
order that 
I* k-3 p-d ,p-p,12+EL (l-247) 1 dx>O. 
Then the end of the proof is exactly the same as in the case p = pL,. 1 
We now examine the case of the two first hresholds, 
THEOREM 3.12. As soon as one of the two following conditions is 
satisfied: 
(i) JR2 (E-F) p dx>O 
(ii) IR?(z-$pdx=O and (5)-c:, 
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one has 
p:=p2*=0 
which means that the operator zzf(/?) has at least two eigenvalues for any 
positive value of B. 
Proof: Let us consider an integer n B R. We can define the function v” 
in H’(R’) by 
v”(x) = 1 if Ix[<R 
v”(x) = bid I x IIRYLogWR) if R<lxl<n 
v”(x) = 0 if 1x1 >n. 
It is easy to check that IjVv” 1) tends to 0 when n goes to infinity. 
Assume that (i) holds. We consider test functions in the form 
u = a, 22,” + C12zP, (a,, c12) E R2, where 
U1.n = (vfl, 0 0) 
U2sn = (0, v”, 0). 
For such functions we have 
where b,(u, U) is defined by (1.11) and satisfies 
b&i, u) < C(cr; + ct;) jR2 (Vvn12 dx. 
Thus, it suffices to choose n large enough, namely such that 
s R2 IVv”12dxs; jR2(F-;)pdx 
in order that the right hand side of (3.27) be strictly negative. The 
max-min principle proves then that fi: = 0. 
When (ii) holds we use the idea of Ref. [Bo]. We now set 
dn = (v” + yw, 0,O) 
U2Tn = (0, v” + yw, O), 
where w is a function of N’(R2) and y a real number. 
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One easily checks that u = a, u’.~ + a2U2*” implies one has 
We now choose w such that 
which is possible because of the inequality (p/lp) . < p,/pz,. Let us remark 
that 
Then it suffices to choose y small enough, that the terms in y2 be 
negligible compared to the term in y, and then to take n large enough. 1 
Now we obtain a necessary condition in order that the first hreshold be 
strictly positive. 
THEOREM 3.13. Under the assumption 
the first threshold fly is strictly positive. 
ProoJ (i) For simplicity, we first give the proof when p = pm. From 
(3.16) we deduce the inequality 
Using the decomposition H’(B) = P(B) + P(B)’ introduced in the proof of 
Theorem 3.11 (B is the open ball of radius R), we can write 
u=up+u;, UpE P(B), u; E P(B)l. 
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Then, we have, as ub is constant in B, 
I,(;-=)P lul’dx 
+j,(;-E)p Iu,l’d,u. 
Using the inequality 
and choosing f: small enough, .s>O, we see that there exists a positive 
constant C (depending only on p, p, and E) such that 
Thus, we obtain 
But there exists C(B) > 0 such that 
C(B)j” 
n 
IVu,l’dxaj-B IuJ’dx. 
Therefore as soon as /?‘C/C(B) <p _, the quantity a(/3; u, u) - 
/12pm/ps 11 u(12 is positive for any u in V, which proves that s,(b) = 
fi2pa/pm and consequently that /3: > 0. 
(ii) In the general case the proof is technically more complicated. As 
in the proof of Theorem 3.11, we introduce a ball B’ of radius R’ > R and 
use the inequality (3.20), with E, q positive constants. E, r) and R’ will be 
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determined later in the proof. For any M: > 0, we can write that, for any x 
in R*, 
Plugging this inequality into (3.20) leads to the inequality, 
I ujl * dx 1 
+8’JJ;-y +-p,)*+EnL(1-2~) 1 
xM*dx+(p---a)j lVuJ*dx. 
B’ 
Because of the assumption of the theorem it is possible to find a > 0 such 
that 
We now fix q < 4 and choose E small enough in order that ,u ~ - a > d _ 1~. 
Finally we choose R’ large enough that 
1 dx>O. 
To prove that a@; U, u) - fi’p,/p, 11 u II* is positive for /? small enough it 
suffkes then to prove that 
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(cl- -NjB, lbl’dx 
P-3+,)*+cl(l -24~) IuJ’dx>O 
1 
for jI small enough. This is easy using the arguments of part (i) of the 
proof. 1 
Remark. We do not know what can be said about the two first 
thresholds in the case where 
Finally we give an example for which one can prove that the upper and 
lower thresholds coincide. 
THEOREM 3.14. If the function ,u(x)/p(x) is, almost everywhere, smaller 
or equal to pz jp, , then 
PL=P:v Vrna I. (3.28) 
Moreover the function /? + /l*p,ip X - s&l) is increasing. 
Proof: If /I and /I’ are two real positive numbers, we shall denote by 
J,,, the isomorphism in Y defined by 
J,.,,(u,=(u,.u2.~u1). Vu=(u,,u,,u,)E K 
Using (1.10) one easily checks that 
at Jp.s’(u)Y J//./?,(u)) - P’F IIJp.&)l12 
x 
= a(/Y; u, u) - /I’* E 1) u II2 
x 
-w+w[jRi$ VuJ’dx+j-(z-;)p(u;+u;)dx]. 
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As p/p d pm/p, a.e., we deduce that 
(3.29) 
Let m E N* and b’ > /IL. There exists I’,,,, an m-dimensional subspace of V, 
such that the right hand side of (3.29) is strictly negative when u belongs 
to I’,,,. This implies that the left hand side is negative for any p > /3’ and 
any u in I’,,,. As J, & V,,,) is a subspace of Y of dimension m, one gets 
(3.28). Now let j? and /I’ be such that 0 </I’< /I. If /I’d j?“,, /?‘2c(3c/pm is 
equal to X,(/I’) so that, necessarily 
(3.30) 
If /IL < fi’, we rewrite (3.29) in the form 
Dividing this inequality by 11 u (I 2 and noting that II J, s,(u)II d II u (1, we get 
(3.30) again which completes the proof of the theorem. 1 
Remarks. 
l We do not know whether there exists (p(x), n(x), p(x)) for which 
/?I1,<flX for some m. 
l If the assumption p(x)/p(x)<p,/p, a.e. XE R2 holds, assump- 
tions of Theorems 3.5 and 3.12 also hold so that for such a medium we 
know that 
(i) Guided wave exists 
(ii) /I”,=fllt,(= fl,,,), VmeN 
(iii) j3,=f12=O<bJ< ... c/3,< +cu 
(iv) /I,,,-+ +co whenm+ +co. 
CONCLUSION 
In this paper we have given a large variety of theorical results concerning 
guided waves in heterogeneous elastic media. These results illustrate both 
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the richness of the equations of elasticity, incomparaison with the acoustic 
wave equation or even Maxwell’s equations, with respect to this particular 
phenomenon, and the power of the mathematical tools borrowed from the 
spectral theory of selfadjoint operators. 
Nevertheless, some interesting open questions remain to be solved from 
a purely theoretical point of view. Let us quote, without being exhaustive, 
the questions concerning the regularity and the monotonicity of the 
dispersion curves, the existence of eigenvalues embedded in the continuous 
spectrum, the behaviour of corresponding eigenfunctions, continuous 
dependence of guided waves with respect to the coefficients ofthe medium, 
high and low frequencies, comparaison results between two media, and so 
on... 
Moreover, though our results are interesting and rather line from a 
qualitative point of view, the quantitative information contained in these 
results is not yet sufficient. Numerical methods should be a very useful 
complement to the present work and we intend to develop a strategy for 
the numerical approximation of the waves which we pointed out in this 
paper. 
APPENDIX: CONSTRUCTION OF us’ 
Contrary to what we have done in the preceeding sections we shall 
consider here the plane (x2, x3) instead of the plane (x,, x2) and we shall 
be interested by the 2D linear elastodynamic equations in a two layered 
medium, defined by 
(P, 19 /‘0(x21 x3) = (P, -4 /‘)(x2) = ;; c2;; (A.l) 
2 . 
The solutions we are looking for are 2D displacement fields with 
coordinates (uz, Us). More precisely, we are interested by the guided 
modes, that is to say by solutions of the 2D linear elastodynamic equations 
in the form 
(u2(xz, -x3, 11, +(x2, x3, t)) = (&(x2), S3(xz)) exp i(of - Bx,), 
where 
f 
+% 
(l’-W2)12+ lii,(x2)12) dx, < +oo. 
-7; 
In practice we shall use the same change of unknown functions as in 
Sections 1.1 and 1.3 by setting 
uz(x2) = fi2(XZ)r u3@2) = ifi,( zJ= (u2, u3). 
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Then we consider the positive selfadjoint operator acting in the space 
L2( R) (i.e., working with functions of the only variable x2) defined with the 
quadratic form 
To express that u = (u,, Us) is a guided mode associated with the eigen- 
value o2 is equivalent to writing that 
a’(/3; u, 0) = o2 
I u. VJ(X,) d-q, 
voE(H1(R))2. (A-3) 
R 
With the aid of assumption (A.1 ), problem (A.3) can be solved 
explicitely. In each half space (x, < 0} and {x2 >O}, one has a second 
order linear differential system with constant coefficients whose solutions 
are linear combinations of the two functions, 
where yp and yS, and their real parts, satisfy in each half space 
x2 Wy,) < 0, x2 Re(ys) < 0. 
With these conditions, a normalized eigenfunction necessarily will have 
the following form, if we assume that w2 = /?‘c’ and c2 < (p/p)- = 
MWolpo, ILJP~), 
(A.4) 
where we have set 
pi c2 
112 
&+2/L; i=O, co. (A.5) 
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In order to ensure that (A.4) defines an eigenfunction, it is then necessary 
and sufficient to impose the continuity of the displacement u and of the 
normal stress (i.e., of the functions C&(U) and C&U)) at the interface 
{x2=0}. This leads to a 4x4 linear system in (At, A$, A?, A,“), that we 
can write as 
whose matrix M,(c) is defined by 
-a; 
-1 
MS(C) = 
i 
#I&) 24: 
( ) 
- aw:o, 
2haoP -po 2-e& 
( ) 
-1 - 
Up” 
-42-c25 -21(COas” . (A@ 
i 
Thus, u will be a guided mode associated with the eigenvalue o2 = p’c’ if 
and only if 
0 
112 
det M,(c) = 0, o-cc< f4 . 
P 
(A.71 
This equation is called Stoneley’s equation (see [MI; ES]). We can now 
define the domain of existence of Stoneley waves, &, by 
~~=(((P,,;~,,~,),(P,,I,,~L,))E(R+)~ 
x (R +)‘/Eq. (A.7) has at least one solution}. 
It is well known that J?~ is not empty and clearly has the symmetry 
property, 
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By convention we shall denote by c = V,, the smallest solution of (A.7) 
when the coefftcients ((pO, i.,, p,,), (p,, J.,, p=)) belong to the domain $. 
We shall denote by u = (uy , uy) the function defined by (A.4) when the 
coefficients a:, ai, a:, and a: are evaluated with c= V,,. In this case the 
vector (AO,, AO,, A;, A :) belongs to the kernel of the matrix M,(c) and 
is entirely determined, as Ker M,(c) has dimension 1, by the normalization 
condition 
I 
+a: 
( us’(x2)12 p(x2) dx, = 1. (A.8) 
--SC 
Then, equality (A.3) implies that 
a’(fl; US’, US’) = /l’v~,. (A.91 
By simple calculations it is possible to check that there exists a constant C, 
depending only on (pO, iO, pO) and (p,, i., , p(,), such that 
SUP 
(A.lO) 
This inequality expresses the exponential decay of the Stoneley wave us’(x2) 
with the distance to the interface {x2 = O}. 
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